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Recently it has been suggested by S. Carlip that black hole entropy can be derived from a 
central charge of the Virasoro algebra arising as a subalgebra in the surface deformations of General 
Relativity in any dimension. Here it is shown that the argumentation based on the Regge-Teitelboim 
approach is unsatisfactory. The functionals used are really "non- different iable" under required 
variations and also the standard Poisson brackets for these functionals are exactly zero so being 
unable to get any Virasoro algebra with a central charge. Nevertheless Carlip's calculations will be 
^\ ' correct if we admit another definition for the Poisson bracket. This new Poisson bracket differs from 

0^ , the standard one in surface terms only and allows to work with "non-differentiable" functionals. 
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I. INTRODUCTION 



» 

o 

■ An important for black hole physics result — the entropy formula — was derived in publication [Q. The similar 
conclusions were obtained also in some other papers, see, for example, The characteristic feature of the method 
. applied in ^ is that the canonical formalism of General Relativity and the algebra of the hypersurface deformations 
are used. The Virasoro algebra with its central term arises as a result of the evaluation of Poisson brackets and taking 
^ into account boundary conditions on the black hole horizon. 

In jll it is declared that the Regge-Teitelboim approach based on a construction of the so-called "differentiable" 
04 ' generators is used there. However, a detailed examination shows that this approach is really inaplicable to the case 
under consideration. The generators of paper [Q actually are not "differentiable" concerning variations needed to 
1^ derive the Virasoro albebra. In fact, the straightforward and explicit calculation of the Poisson brackets according 
to the standard formula (by exploiting the general derivation of the surface terms made for 3-|-l-space-time still in 
1985) gives us a trivial zero result for the surface integral which should represent the main outcome of paper jl]. 

We will demonstrate below that in fact modified Poisson brackets, applicable in the more general case of "non- 
differentiable" functionals, are used in publication (but without author's knowledge). These new brackets differ 
from the standard ones in boundary terms and they have been used for the first time in paper Later they were 
generalized in two different ways Q , . The difference between these two approaches does not manifest itself in the 
case under consideration. Recently the same brackets were independently used also in publications 

Therefore we observe that the derivation of the black hole entropy given in paper |]| formally stays valid if one 
changes the argumentation. It is necessary to decline the Regge-Teitelboim ideology here in favor of the more general 
approach which exploits the new Poisson brackets. 



II. NOTATIONS AND CARLIP'S CALCULATION 

We shall use the same notations as used in publication So, the metric of n-dimensional (in further n — A case 
is preferred) space-time will be guessed looking as follows 

ds^ -N^dt^ + f{dr + N''dtf + aapidx" + N°'dt){dx'^ + Nf^dt), 

where a, (3 . . . correspond to coordinates on a sphere r = const, t = const and run over values 1, 2, . . . , n — 2. The 
function N tends to zero on the horizon of a black hole r = r+ in such a way that 

^h{x°'){r-r+) + 0{r-r+f. (1) 

Further, the Hamiltonian looks like a linear combination of constraints {Htj'Ha} plus, probably, some surface 
integrals 



mi] = / d^-'^i'^'H^, m - H[i] + /..., (2) 
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where the parameters of deformations of a constant time hypersurface (Lagrange multipUers for constraints) are compo- 
nents of the decomposition for an infinitesimal space-time diffeomorphism over the basis {(1/A^, —N'^/N), d/dx'^}: 

i*=N^\ C=^'' + N''^K (3) 

If one calculate a variation over gab and tt"'' of that part of a Hamiltonian containing only constraints (without the 
boundary terms), and consider as not depending of canonical variables, one get 



SH = 6 [ d^'-^xi'^n,, = 



s 



dgab dvr'"' 



- £^ ^""'^ { (a'^^n' - a-'n-) [i'^cSgab ~ ^c^'Sgab) + 2^3^ J - t^'^'Sgab} , (4) 

where is a unit normal to the boundary at i = const, Kab is an extrinsic curvature tensor of a constant time 
hypersurface, tt"'' = —f^{K'^'^ — g°^^K) are momenta conjugate to the spatial metric gab (the sign differs from [|l|). 
The surface integral is taken over a boundary which should include, on the one hand, the horizon of a black hole, and 
on another - the spatial infinity. No boundary conditions are applied here. To within notations the formula coincides 
with the similar formula from publication by Regge and Teitelboim |^ . 

In further the game is entered by boundary conditions on the canonical variables and on the parameters of defor- 
mations. They are 

1. to set in a phase space a region "close" to a black hole solution; 

2. to provide conservation of this region under evolution assigned to the parameters of deformations. 
Carlip starts with the following boundary conditions: 

f ='^N-^ + 0{l), N'- = 0{N'), a^p^O{l), iV" = 0(1), 
{dt - N'^dr)g^, = 0{N)g^,, V„iV^ -f- V^iV, = 0{N), drN = 0{1/N), 
Krr = 0{l/N^), K^r = 0{l/N), K^p = 0(1), 

t - 0{N'), = 0{N), C = 0{l). 

But a bit later (after eq. (2.12)) the extra restrictions K^r = = Kap are imposed on the exterior curvature tensor 
in . As a result the last term in the variation formula (Q) becomes exactly zero and so we, in fact, need not add 
the term written in square brackets of (^) below. What about a part of the boundary arranged at spatial infinity, 
by considering parameters ^ as rapidly decreasing we get rid of the corresponding contribution to the Hamiltonian 
variation. 

Despite of the accepted boundary conditions the variation of Hamiltonian H[£] still contains some surface contri- 
bution and to get rid of it in publication it is suggested to add to a linear combination of constraints a surface 
integral of the following form 



J[i] = -^£ d''~^x{n-Vai*V^ + Ct^J + [natK^] }. 



(5) 



Let us immidiately state that the term in square brackets is absolutely not required by the Regge- Teitelboim ideology, 
just opposite, it spoils the "differentiability" condition (in |^ this is masked by an unjustified restriction 5Krr/Krr — 
0{N)), so we treat it as erroneous and it will be excluded from now on. Then the variation of the improved Hamiltonian 
L[i] = H[i] + J[i] becomes 

SL[i] = bulk terms <L d'^'^x Srfdri^^. (6) 
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Afterwards in publication [Q it is stated that, first, we can calculate a Poisson bracket for generators of two various 
deformations according to the following formula 



(7) 



and second, it is supposed, that this equality remain valid after reduction, that is, after taking constraints as zeros 
"in strong sense" . The last means, that the formula remains valid for surface integrals taken separately: 



boundary terms 



o/|i[6],^Ki]| ~ boundary terms of S^^H[ii] + 6^^J[ii]. 



(8) 



As a result of such evaluation the following expression was obtained for the surface contribution to the Poisson bracket 



SttG 



1 r 
P 



dr{fC2)dri\-dr{fil)dril 



f 



(9) 



In further it is used to realize the Virasoro algebra, which central charge has allowed to connect the number of horizon 
states with the well-known expression for the black hole entropy by Bekenstein-Hawking. Below we shall show, that 
the argumentation of paper on a derivation of this formula should be reconsidered. 



III. THE REGGE-TEITELBOIM APPROACH 

In publication by Regge and Teitelboim written in 1974, the Hamiltonian formalism of a field theory for the 
first time was applied to a problem, where the surface integrals originating in integration by parts were non-negligible, 
just opposite, they have an important physical meaning. Namely, after putting on gauges, that is, after reduction, 
the role of generators of the asymptotic Poincare group (transformations that preserve boundary conditions of the 
asymptotically flat space - time) is played by the surface integrals. These surface integrals arise as a result of the 
Poisson brackets evaluation made according to the well-known formula 

fas"' JaT, ' "''^ Js 6pa{x) 5pa{x) SqAix) J ' 

and any modification of functionals F and G by surface integrals fg.^ . . . (or, that is the same, a modification of their 
integrands by divergences) leaves this bracket untouched. It is obvious, as the standard bracket is defined with the 
help of Euler-Lagrange derivatives, and they are zero at any divergences. It is a common belief that the essence of 
Regge- Teitelboim's method is to fix surface terms in functionals in such a way that their variations look like 

SF= [ d"-'x-^SMx): 

without any boundary terms. 

However, in the Regge- Teitelboim approach we can start also with the evaluation of surface integrals in Poisson 
brackets. This possibility was used in our publication Q . Thus taking as initial Hamiltonians 

H[i]^ J^d^-'xen^, (10) 

where {7it,7ia} are constraints, we obtain (we write below the corresponding formula from publication [Q in the 
notations of Carlip's work (here n = 4)) the following expression for their Poisson bracket: 
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CS^t^ JOE JOS 



1 ' afc 
TT 



Cl(C2a|fc + ^26|q) — ^2(^la|6 + S.lb\a) 



dSr 



/as 
and 

|3=U1,6}SD, dSa^r^Uad^-^X, (12) 

where 

|2}|d = C?5a^l - C29aCl 6}§D = e^bls - ^2^6^ + 9"" (ij^b^^ - 1^3,^1) . (13) 

Now in the above we can take into account the boundary conditions from paper Then we get, for example, 

^Vaig'^'g"' ~ g^'g'") {iUl^M - 6ael|,,) = ^fV^'^"" (SCl,.^ - ilH^^p) = 0{n% (m) 

here we suppose |" = instead of ^" = 0(1) because this condition is used in Section 3 of ||l[]. In the similar way it 
occurs that all other integrands decrease as 0{N), or faster, i.e. they are zero on the black hole horizon. Therefore, 
the Regge-Teitelboim approach does not allow to derive expression (||) which is (2.13) of paper ||l|. This is absolutely 
natural, because conditions for applying this method are just violated — variation Sf, induced by a hypersurface 
deformation, does not fulfil Carlip's restriction 6f /f — 0{N) and really has a form 

that is, 5/// = 0(1). Due to this reason the surface integral from equation (2.10) of paper Q 

'"[^"^ ^ /s '""^ + S'^") ^ ^ d-^^^n^Bie^o. (15) 

is nonzero, that should be qualified in Regge-Teitelboim's terminology as "non-differentiability" of functional = 
il\i\ + J\i\, where 

d^x[a'^^ai'^ + Ci,j\ (16) 

Here we omit term Uai'^ K ^/a , which is present in [|l|. As it was told above we consider the inclusion of this term as 
a mistake which is incorrectly justified in 0| by supposing 5K„/ K„ — 0{N). 



IV. THE NEW POISSON BRACKETS 



There is a more general Hamiltonian approach where all functionals are admissible, including those giving nonzero 
boundary contribution to the first variation. It was for the first time shown in publication |^ that the standard 
Poisson bracket can be generalized by adding to it some divergence terms. As a result, the bracket so generalized 
can generate variations with nonzero surface contribution. This is just required in the case under consideration when 
the surface is a black hole horizon. Let us mention that two different extensions of the formula proposed in |^ were 
suggested later. They can be important in cases when surface contributions to functional variations contain arbitrary 
spatial derivatives for variations of fields and their conjugate momenta (generally speaking, arbitrary non-canonical 



4 



variables) : , • An attempt of comparison of these two different formulas was done in paper ||T^ , but here all give 
one and the same result. 

Let us explain this in more detail. Let field variables are not necessarily canonical, but their Poisson bracket is 
ultralocal 

{(j)A{x),(j>B{y)} = lABS{x,y), 
then the standard bracket of two local functionals has the following form 

{F,G}= I r-'x-^lABj^y (17) 
7s 0(j)A[x) 54>b[x) 



and for a "differentiable" functional we have 



r 

5F = / dC^-^x-—-MA{x). 

Let now deal with "non-differentiable" functional in Regge-Teitelboim's sense, and let its first variation has the 
simplest possible form with a surface term 

6F^ / d''-^x-—^SM^)+ d> d^-^xj—^SM^), 

Jt. 0(t)A{x) Jq^ 0(j)A{x) 

here we consider the above expression as a definition of 5^ and (5^. These notatations are directly taken from 
Then we can formally construct a full variational derivative as follows 

5F S^F (5^F 

= 9{^)-^-^ + s{di:)- 



S(I)a{x) S(I)a{x) S(t>A{x)' 

to include a surface (or boundary) contribution (here S(dT,) is the Dirac delta-function concentrated on the boundary 
of the integration region S and 9{T,) is the Heaviside step function equal to 1 inside S and to outside of it). So, we 
treat the full variational derivative as follows 

SF P S^F r ^'^ F 

'^""'^ZrTT^<^-4(a;) ^ / d'^-'x——S<PA{x)+f d--^x——5Mx). 

It is possible to put these full variational derivatives into the standard formula for the Poisson bracket ( [l7| ) instead of 
the usual Euler-Lagrange derivatives. Then we get 



{i^^,G}„ew = {-F,G}oid+ / dT-^x^-^Sa^A- I d'^-'^x^—^SF^A^^^ 

JdT. <>'PA JdT. (>(pA 



where 



S^F S'^G 
5f4>a = Iab-tj— = {4>A,F}, Sg4>a = Iabtj— = WajG}, 

d(pB OCpB 

and ?! denotes the puzzling term corresponding to the delta-function squared. In publication Q it was demanded to 
kill this term by a boundary condition which guarantees zero coefficient before the dangerous expression [(5(91])]^: 

S'^F ^ S'^G \ 

-^AB^: — 7-T = 0- 



bA{x) 5(t)B{x) 



9S 



Further attempts to extend the result of publication Q were gone in two directions: 

1. searching for regular expressions corresponding to terms like ?! 1^; 

2. postulating that these terms are absent in the final formula m. 
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Therefore, the contribution to expression (^) (which is (2.13) of paper Q) arises just due to "non-differentiabihty" 
of functional L[£] 



SH 
Sgab 



Sgab 



SH 



1 



r— r-|- 



The variation b^j is easily determined from the equations of motion generated by the Hamiltonian L[^] 



T 



By this way we get the first surface contribution to the Poisson bracket L[^2]}i] 



(/f ) ^ . (18) 
standing in expression (|^) 



d'x- 



8ttG 



d^x- 



Cl,r l/Cl) Q.r 
\ / ,r ' 



The genesis of the second term of expression ^ 

1 ^ 



SttG .Tr=r+ f 



1 / ^2^V^g 
8ttG Jr=r+ f 



(19) 



(20) 



is connected with the fact that the deformation parameters ^* themselves are dependent on the canonical variables 
and so themselves have nonzero Poisson brackets with the Hamiltonian. When these parameters come as multipliers 
before constraints this fact leads simply to changes in the final constraint multipliers and it is not important for us as 
we are on the constraint surface. But when they come in the nonzero surface integrals their variations S^^^l — ^2^a£,i 
will give a contribution to the Poisson bracket. 



V. CONCLUSION 

We have shown that the validity of results of paper is in fact based on the application of the new formula for 
Poisson brackets. This is unfortunately not clear from the argumentation given in ||^. Formulas (^ (which is (2.11) 
of ^) and (||) are not valid if the Poisson bracket is defined by the standard expression. So, we have one more 
testimony in favor of the move to transcend the Regge-Teitelboim approach in studying the role of boundaries in the 
Hamiltonian dynamics ||^, [|ll|, jl^ ]. 

Recently there appeared a new paper by Carlip ||l^ where the difficulties discussed here are avoided by using the 
covariant canonical formalism. It maybe also of interest to study the role of surface terms in Poisson brackets for this 
new approach. 

The author is grateful to S.N. Solodukhin for his e-mail comment given at the beginning of this work and to the 
referee for valuable critics. 



S. Carlip, Phys. Rev. Lett. 82, 2828 (1999) |hep-th/98120iq. 
S.N. Solodukhin, Phys. Lett. B 454, 213 (1999) |hep-th/9812056 
T. Regge and C. Teitelboim, Ann. of Phys 
V.O. Soloviev, Theor. Math. Phys. 65 
D. Lewis, J 



88, 286 (1974) 
400 (1985) 

Marsden, R. Montgomery and T. Ratiu, Physica D 18, 391 (1986) 
V.O. Soloviev, J. Math. Phys. 34, 5747 (1993) bep-th/9305"l3l. 
K. Bering, "Putting an Edge to the Poisson Bracket," |hep-th/980624i . 
Mu-In Park, Nucl. Phys. B 544, 377 (1999) ^iep-th/9811033| . 

J. Fjelstad and S. Hwang, "Equivalence of Chern-Simons gauge theory and WZNW model using a BRST symmetry,' 
hep- th/9906123| . 



V.O. Soloviev, "Bering's proposal for bounda ry contribution t o the Poisson bracket, 

V.O. Soloviev, Phys. Rev. D 55, 7973 (1997) lhep-th/961121^. 

V.O. Soloviev, Theor. Math. Phys. 112, 906 (1997) fer-qc/980905^ . 

S. Carlip, "Entropy from conformal field theory at Killing horizons," 5r-qc/990612f: 



bep-th/9901112 



6 



